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When a system’s activity alternates between a resting state (e.g. a stable equilibrium) and an
active state (e.g. a stable periodic orbit), the system is said to exhibit bursting behavior. We
use bifurcation theory to identify three distinct topological types of bursting in one-dimensional
mappings and 20 topological types in two-dimensional mappings having one fast and one slow
variable. We show that di�erent bursters can interact, synchronize, and process information
di�erently. Our study suggests that bursting mappings do not occur only in a few isolated
examples, rather they are robust nonlinear phenomena.
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1. Introduction

Bursting is ubiquitous in physical and biologi-
cal systems, especially in neural systems where it

plays an important role in information processing

[Lisman, 1997; Izhikevich, 2000, 2002; Izhikevich
et al., 2003]. Synchronization of bursters is a mul-

tiscale phenomenon that may involve synchroniza-
tion between individual bursts (slow time), of spikes

within each burst (fast time), or both [Izhikevich,
2001]. Studying networks of bursters poses challeng-

ing mathematical problems. Even simulating such

networks is a computational challenge, since thou-
sands of sti� nonlinear ordinary di�erential equa-

tions (ODEs) may be involved.
Bursting dynamics of mappings has recently

been investigated by physicists [Rulkov, 2001, 2002;
de Vries, 2001; Cazelles et al., 2001; Shilnikov &

Rulkov, 2003, 2004; Rulkov et al., 2004; Copelli

et al., 2004]. Using a discrete-time system, say
xn+1 = f(xn), instead of a system of ODEs, pro-

vides one with a number of theoretical and com-
putational advantages. For example, it is possible

to explore collective behavior of millions of coupled

discrete-time bursters with only modest computa-
tional e�ort.

Many ODE bursters can be reduced to return
mappings for Poincar�e cross-sections. For example,
bursting in a model human pancreatic �-cell has
been described in this way, resulting in a mapping
[Terman, 1991] that has in it a horse-shoe struc-
ture, which implies the possibility of chaotic dy-
namics. The resulting mapping is implicitly de�ned
and quite complicated. To the best of our knowl-
edge, there have been proposed only six explicit
mappings capable of generating bursting activ-
ity [Chialvo, 1995; Kinouchi & Tragtenberg, 1996;
Rulkov, 2001, 2002; Cazelles et al., 2001; Laing &
Longtin, 2002]. Some simulate recently proposed
simple model of spiking neurons [Izhikevich, 2003]
using Eulier method with 1 ms time step, that is,
the mapping

vn+1 = 0:04v2
n

+ 6vn + 140 � un + I

un+1 = 0:004vn + 0:98un

if vn < 30, and

vn+1 = c

un+1 = un + d
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(A) tonic spiking
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(E) mixed mode (F) spike frequency (G) Class 1 excitable (H) Class 2 excitable
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(I) spike latency (J) subthreshold (K) resonator (L) integrator

(M) rebound spike (N) rebound burst (O) threshold (P) bistability
variability

oscillations

(Q) depolarizing (R) accommodation (S) inhibition-induced (T) inhibition-induced
after-potential spiking bursting
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Fig. 1. Summary of the neuro-computational properties of biological spiking neurons [Izhikevich, 2004]. This �gure is re-
produced with permission from www.izhikevich.com. (Electronic version of the �gure and reproduction permissions are freely
available at www.izhikevich.com).
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otherwise. Depending on the valuesof the parame-
ters, this mapping can produce a variety of burst-
ing patterns, including those corresponding to IB
(intrinsically bursting) and CH (chattering) neocor-
tical neurons.In addition, the simple model can re-
produce20 most fundamental neuro-computational
propertiesof biological spiking neuronssummarized
in Fig. 1 [Izhikevich, 2004].

Our goal here is to introducea method for clas-
sifying all bursting mappingsand patterns using bi-
furcation theory, and although it is not our primary
goal, we also present examplesof several interest-
ing bursters. We show that it is important to dis-
tinguish between di�eren t types of bursters, since
di�eren t bursters can have di�eren t collective com-
putational properties [Hoppensteadt & Izhikevich,
1997].

2. One-Dimensional Mappings

Bursting can occur in planar ODEs and in one-
dimensional mappings, and it involves a fast-time
scale for spiking and slow-time scale for gaps be-
tween spiking events. For example, a hedgehog
limit cycle attractor in Fig. 2 (top) corresponds
to bursting dynamics in a planar ODE. Similarly,
the periodic attractor for a simple unimodal one-
dimensional map shown in the middle �gure in
Fig. 2 alsocorrespondsto bursting behavior. In each
case,the behavior has two time scales| fast spik-
ing and slow modulation. During the slow interval,
the systemremains near an equilibrium, but slowly
divergesfrom it. It eventually jumps into the spiking
mode. From the spiking mode the system eventu-
ally hits a window of return to near the equilibrium.
Repetitiv e transitions from rest to spiking and back
occurs here becausethe one-dimensionalbursting
mapping is near a homoclinic bifurcation [Belykh
et al., 2000].That is, we de�ne an orbit f xn g to be
homoclinic to an equilibrium x � , if it originates and
terminates at x, i.e. xn ! x � as n ! �1 . A map-
ping having a homoclinic orbit to an equilibrium
x � (in fact, there is often an in�nite family of such
orbits) canbeperturb edsothat a periodic orbit ap-
pears[Kuznetsov, 1995].Such an orbit corresponds
to bursting dynamics, since the solution stays long
near the equilibrium x � , yet it makesoccasionalex-
cursionsaway from it, as in Fig. 2.

Our classi�cation begins by identifying three
structures involved in bursting for one-dimensional
mappings: A node, a focus and a fold, as shown
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Fig. 2. A hedgehog periodic orbit often corresponds to
bursting dynamics in contin uous (top) and discrete (bottom)
systems [Izhik evich, 2000].

in Fig. 3. Obviously, the equilibrium must be un-
stable, otherwise the solution never divergesfrom
it. We can classify all such equilibria in one-
dimensionalmappings in terms of the slope of F (x)
at the equilibrium (which we refer to here as being
the Floquet multiplier of the equilibrium): Thus,
there are three distinct types of homoclinic orbits
in one-dimensionalmappings, which we summarize
in Fig. 3:

� (Node) The homoclinic orbit can be to and from
an unstable node, i.e. an equilibrium having Flo-
quet multiplier greater than 1, as in Fig. 3(a)
(top). A small perturbation of such a system
that shifts the function up makesa returning or-
bit miss the equilibrium. The resulting slow-time
modulation is characterizedby a monotoneexpo-
nential rate of divergencefrom the rest.

� (Focus) The homoclinic orbit can be to and from
an unstable focus,i.e. the equilibrium having Flo-
quet multiplier less than � 1, as in Fig. 3(b). A
small perturbation of such a systemmakesthe or-
bit miss the equilibrium. The resulting slow-time


